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Algorithmic number theory

Goal: modular computation with large integers.
Addition, multiplication, inversion modulo n.

Euclidean division:
Given a, b, find q, r such that

a = b · q + r

where a, b are big integers.
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Substraction

Computing c = a− b with a, b > 0
Let a = (ak−1 . . . a0) and b = (bℓ−1 . . . b0) with k ≥ ℓ ≥ 1.
Let c = (ck ck−1 . . . c0)
carry ← 0
for i = 0 to ℓ− 1 do

tmp ← ai − bi + carry
carry ← tmp/B; ci ← tmp mod B

for i = ℓ to k − 1 do
tmp ← ai + carry
carry ← tmp/B; ci ← tmp mod B

ck ← carry
If a ≥ b then ck = 0, otherwise ck = −1.
If ck = −1, compute c′ = b − a and let c := −c′.
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Division with remainder

Let a = (ak−1 . . . a0)B and b = (bℓ−1 . . . b0)B with a > b > 0
and bℓ−1 6= 0.

Compute q and r such that a = b · q + r and 0 ≤ r < b.
q = (qm−1 . . . q0)B , with m := k − ℓ + 1.

Algorithm overview:

r ← a
for i = m − 1 downto 0 do

qi ← r/(Bi b)
r ← r − Bi · qi · b

output r
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Division with remainder

For all i , 0 ≤ r < Bi · b after step i
Therefore, 0 ≤ r < b eventually.

How to compute qi = r/(Bi · b)

Test all possible values of 0 ≤ qi < B
Not efficient, except if B is small (e.g. B = 10).
Possible to do much better
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Division with remainder

Complete algorithm (for small B)

r ← a
for i = m − 1 downto 0 do

qi ← 0
while r >= 0

r ← r − Bi · b
qi ← qi + 1

qi ← qi − 1
r ← r + Bi · b

output r
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Computing in Zn

Computing c = a + b in Zn

Let c ← a + b in Z

Let c ← c mod n.
Complexity: O(log n)

Computing c = a · b in Zn

Let c ← a + b in Z

Let c ← c mod n.
Complexity: O(log2 n).
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